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Many models derived from first principles contain more parameters than can be reliably estimated from data. Selecting a
subset of the parameters for estimation is one common approach to deal with this problem. One popular method
sequentially selects parameters based on orthogonalization of the sensitivity vectors; however, it has the drawback that only
one parameter is added at each step of the iteration and that no correlations of not yet chosen parameters can be taken into
account. To address this drawback, a generalization of the parameter set selection procedure based on orthogonalization is
presented in this work. The procedure can add any number of parameters at each iteration such that correlations among the
parameters that will be added to the set of estimated parameters can be taken into account. It is shown that two existing
parameter set selection techniques form special cases of the presented method. VVC 2011 American Institute of Chemical

Engineers AIChE J, 58: 2085–2096, 2012
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Introduction

Mathematical modeling has become a common practice for
monitoring, control, and optimization of many chemical proc-
esses. The performance of an application is not only depend-
ent on the techniques used but also on the quality of the
model. The most common approach to improve model accu-
racy is to estimate model parameters from available data.
However, many first-principles-based models include more pa-
rameters than can be accurately estimated from data. This is
due to correlations among the effects that parameters have on
the outputs but also because measurements may be noisy and
only available for certain operating conditions. One approach
to deal with such a problem is to select a subset of parameters
for estimation while the unselected parameters are fixed at
some values, that is, usually their nominal values.

Procedures for selecting parameters for estimation require
taking into account the magnitude of the effects that changes
in the parameters have on the outputs, as well as the correla-
tion among the effects. If the effect of a change in a parame-
ter on the output is small, as measured by some norm, then
it will not be possible to accurately estimate this parameter
from data. Similarly, if variations in two or more parameters
result in similar effects on the outputs then these effects are
correlated and a change in the value of one parameter can
be compensated for by changes in the values of the other pa-
rameters, that is, it is not possible to uniquely estimate the
values of these parameters. In mathematical terms, these two

conditions can be formulated as follows: (1) the norm of the
sensitivity vectors of selected parameters should be suffi-
ciently large; (2) no single sensitivity vector corresponding
to a selected parameter can be (approximately) expressed as
a linear combination of other sensitivity vectors of selected
parameters. Various selection methods that are based on
these two rules have been developed, including the ortho-
gonalization method,1,2 the collinearity index approach,3,4

the principal component-based method,5,6 the eigenvalue-
based method,7,8 the relative gain array-based method,9 the
hierarchical parameter clustering method,10 and hybrid meth-
ods.11,12 All methods simultaneously take the two selection
criteria into account but differ in the way of how much
weight is given to one criterion over the other as well how
combinations of parameters are selected for estimation. All
of these techniques have been shown to be computationally
inexpensive and work well on the examples to which they
have been applied; however, none of these techniques can
ensure that an optimal set of parameters is chosen.

One approach to address this problem is to formulate pa-
rameter set selection as an optimization problem. This optimi-
zation problem tries to maximize an experimental criterion,13

which measures the accuracy of the estimated parameter val-
ues, applied to the sensitivity matrix of the chosen parameters.
The most commonly used experimental criterion for this
approach is the D-optimality criterion,14–17 which measures
the volume of the confidence region for the estimated parame-
ter values. The main advantage of optimization-based methods
is that they explicitly link the estimation accuracy to the crite-
rion value. However, the formulated optimization problem is
combinatorial in nature and is nontrivial to solve for problems
with a significant number of parameters to be estimated.
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It is the goal of this article to present a new parameter set
selection method which integrates several of the properties of
the existing approaches. This technique combines the heuris-
tic-based orthogonalization method with the D-criterion-based
optimization technique. The presented method selects parame-
ters sequentially by decomposing the complex combinatorial
problem into a sequence of simple problems where it is often
possible to even perform an exhaustive search of all viable
alternatives. It is important to point out that each decomposed
problem has the same structure as the full problem, as an or-
thogonal projection is applied on the sensitivity matrix to
remove the parameter effect which is already covered by pre-
viously selected parameters. The main difference between the
presented approach and the existing orthogonalization tech-
nique is that it is possible to add several parameters in the
same iteration and thereby take correlations among the effects
of the parameters to be added at this iteration into account.
The number of parameters to be added at each iteration can
be freely chosen. It will be shown that the orthogonalization
method represents the special case where only one parameter
is added at a time, while the solution of the entire optimiza-
tion problem represents the other extreme where the entire pa-
rameter set to be estimated is chosen in one iteration. As the
number of selected parameters is typically small compared to
the total number of parameters, the computational effort of
the procedure grows with the number of parameters to be
added at each iteration and one should carefully consider the
computational efforts as well as the estimation accuracy
before making a decision on how many parameters should be
added at each iteration. As the presented technique is flexible,
it can be shown that it represents a generalization of the two
commonly used approaches mentioned above.

The article is organized as follows. Background information
about parameter selection, with special emphasis on the ortho-
gonalization method, is provided in the next section. Then the
developed method is presented and demonstrated by its applica-
tion to two examples. Concluding remarks are given in the end.

Background Information Related to Parameter
Set Selection

Local sensitivity analysis of dynamic systems is presented
in this section as sensitivity analysis determines the effect
that changes in the parameters have on the outputs, which
forms the foundation for parameter selection. Then the com-
monly used orthogonalization method is described. The
orthogonalization method sequentially selects parameters for
estimation. Next, optimization-based selection methods are
presented, with a specific emphasis on techniques using the
D-optimality criterion.

Local sensitivity analysis

Local sensitivity is defined as the partial derivative of the
output with respect to the parameter.18,19 For a dynamic sys-
tem, the direct differentiation method is often applied to
compute the partial derivative.20,21

Suppose a dynamic system is described by a set of differ-
ential equations

_x tð Þ ¼ f x tð Þ; u tð Þ; hð Þ;with xjt¼0¼ x0

y tð Þ ¼ g x tð Þ; u tð Þ; hð Þ

(
(1)

where x 2 Rnx is the state vector, u 2 Rnu is the input vector,
y 2 Rny is the output vector, and h 2 Rnh is the parameter

vector. Direct differentiation computes the local sensitivity of
a parameter hi by solving the differential equations

d

dt

@x tð Þ
@hi

¼ @f

@xT
@x

@hi
þ @f

@hi
;with

@x

@hi

����
t¼0

¼ 0

si tð Þ ¼ @g

@xT
@x

@hi
þ @g

@hi

(2)

where the local sensitivity is

si tð Þ ¼ @y tð Þ
@hi

(3)

The local sensitivity is a function of time and is computed
by solving the system equations (Eq. 1) and the sensitivity
equations (Eq. 2) simultaneously. As the local sensitivity
rarely has a closed-form expression, it is often discretized to
facilitate its recording as well as subsequent analyses. Given
a set of sampling time points {t1, t2,���,tn}, the sensitivity
function is discretized as

si ¼ @y1 t1ð Þ
@hi

; � � � ; @y1 tntð Þ
@hi

; � � � ; @yny t1ð Þ
@hi

; � � � ; @yny tntð Þ
@hi

� �T
(4)

where y1, ��� yny are entries in the output vector y, and si is
the sensitivity vector of the parameter hh. It should be
noted that selecting sampling points will affect the values
of the sensitivity vectors and, in turn, the parameter
selection results. However, determining the sampling points
is part of experimental design22 which is beyond the scope
of the work presented in this article. Instead, the sampling
points are selected as uniformly distributed throughout an
interval.

As the outputs and the parameters typically have different
units, and there can be differences of orders of magnitude in
their numerical values, normalization is often applied to the
sensitivity value:

�hi
rj

@yj
@hi

(5)

where hi is the nominal value of the parameter hi, and rj is the
standard deviation of the measurement noise of the output yj. It
is commonly assumed that the measurement noise is uncorre-
lated and the covariance matrix is diagonal with diagonal entries
rj. If the measurement noise is correlated, resulting in a
nondiagonal covariance matrix R, then a Cholesky decomposi-
tion can be applied for the normalization. In this case, the
covariance matrix can be decomposed as R ¼ RRT, and the
normalization results in multiplying the sensitivity vectors from
the left with R�1. The sensitivity values are unitless after
normalization, and the subsequent analysis will assume that the
sensitivity values have been normalized.

After the sensitivity vectors have been computed, the sen-
sitivity matrix is constructed as

S ¼ s1; s2; � � � ; snh½ � (6)

The effect of parameter changes on the output can be
locally approximated by

Dy � SDh ¼ s1Dh1 þ s2Dh2 þ � � � þ snhDhnh (7)
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In this approximation, the sensitivity matrix can be viewed
as the design matrix of the linear model for parameter set
selection.

Orthogonalization method for parameter set selection

The orthogonalization method has been one of the most
popular approaches for parameter set selection.23–31 This
technique sequentially applies orthogonalization projections
of sensitivity vectors to select one parameter at a time.

Two different algorithms have been presented for perform-
ing the orthogonalization: the Gram–Schmidt algorithm1,2

and the Householder transform.32,33 Even though the algo-
rithms use different approaches for the orthogonalization
procedure, both orthogonalization algorithms use the same
criterion to select the parameter at each iteration, and the
final set of selected parameters will be identical. The algo-
rithm based on the Householder transform is numerically
more robust than the Gram–Schmidt algorithm34; however,
the latter is easier to interpret for parameter set selection and
will be used in this work. Parameter set selection based on
the Gram–Schmidt algorithm involves the following steps:
Step 1: (Initiation). Calculate the sensitivity vectors s1,s1, ���,
snh. Set the iteration index k ¼ 1 and the projected sensitivity
vectors as s

kð Þ
j ¼ sj; j ¼ 1; � � � ; nh.

Step 2: (Selection). Select the parameter, indexed by ik, which
has the largest norm of the projected sensitivity vector as

ik ¼ argmax
j

s
kð ÞT
j s

kð Þ
j (8)

Step 3: (Stopping test). If s
kð ÞT
ik

s
kð Þ
ik
\ k (given threshold level)

then stop.
Step 4: (Projection). Compute the orthogonal projection

matrix P s
kð Þ
ik

� �?
as

P s
kð Þ
ik

� �?
¼ I� s

kð Þ
ik
s
kð ÞT
ik

s
kð ÞT
ik

s
kð Þ
ik

(9)

Let s
kþ1ð Þ
j ¼ P s

kð Þ
ik

� �?
s
kð Þ
j , and return to Step 2 with k ¼ k

þ 1.
The orthogonalization projection used in Step 4 is a key

component of this procedure. The matrix P s
kð Þ
ik

� �?
is a pro-

jection matrix and the operation P s
kð Þ
ik

� �?
s
kð Þ
j projects the

sensitivity vector s
ðkÞ
j onto the linear space perpendicular to

the sensitivity vector s
ðkÞ
ik . Refer to Appendix 1 for more in-

formation about the projection matrix.

The orthogonal projection is performed at each iteration,
that is, at the kth iteration, there are k � 1 projection matri-
ces multiplied by a sensitivity vector:

s
kð Þ
j ¼ I� s

1ð Þ
i1
s
1ð ÞT
i1

s
1ð ÞT
i1

s
1ð Þ
i1

 !
I� s

2ð Þ
i2
s
2ð ÞT
i2

s
2ð ÞT
i2

s
2ð Þ
i2

 !
� � � I� s

k�1ð Þ
ik�1

s
k�1ð ÞT
ik�1

s
k�1ð ÞT
ik�1

s
k�1ð Þ
ik�1

 !
sj

¼ P s
1ð Þ
i1
; s

2ð Þ
i2
; � � � ; s k�1ð Þ

ik�1

h i� �?
sj

¼ P si1 ; si2 ; � � � ; sik�1
½ �ð Þ?sj

(10)

The equality in the last line of Eq. 9 holds as the subspace
spanned by the projected sensitivity vectors
s
1ð Þ
i1
; s

2ð Þ
i2
; � � � ; s k�1ð Þ

ik�1
is the same as the one spanned by the

original sensitivity vectors si1,si2,��� sik�2
for Gram–Schmidt

orthogonalization. This relationship is also true for the or-
thogonal complement subspace. Therefore, the criterion used
in Step 2 is the norm of the projected sensitivity vector,
which denotes the effect of parameters not covered by all
previously selected parameters.

The number of selected parameters is also an important
factor in the algorithm, which is determined by the threshold
value k in Step 3. Because of the sequential selection mech-
anism, the parameters are added one by one, that is, it is
relatively simple to determine the number of selected param-
eters via a trial-and-error procedure.

Figure 1 illustrates the orthogonalization method. For illus-
tration purposes, the sensitivity vectors are assumed to be in a
Euclidean space, that is, si 2 R3. Four sensitivity vectors, s1,
s2, s3, and s4, are displayed, corresponding to the parameters,
h1, h2, h3, and h4, respectively. The first selected parameter is
the one with the longest sensitivity vector, that is, h2 is
selected. Then the sensitivity vectors of the unselected param-
eters, h1, h3, h4, are projected onto the plane perpendicular to
the sensitivity vector of h2. Among the projected sensitivity
vectors, the one with the largest norm is found, which is s

ð2Þ
3 .

The parameter selected at the second step is h3. The projec-
tion is applied again and the remaining sensitivity vectors are
projected onto the line perpendicular to the sensitivity vector
s
ð2Þ
3 . It can be seen from the figure that the line which is per-
pendicular to the projected sensitivity vectors s

ð1Þ
2 and s

ð2Þ
3 is

also orthogonal to the original sensitivity vectors s2 and s3.
This demonstrates the relationship shown in Eq. 10. At the
third step, the parameter h4 is selected as its projected sensi-
tivity vector is longer than that of the parameter h1.

The orthogonalization method is based on heuristics. While
the selection criterion for each iteration is intuitive, the overall
performance of the selected parameter set remains unclear
due to the sequential nature of adding parameters.

Selecting sets of parameters via solution of an
optimization problem

An alternative to heuristic-based methods is to formulate
the parameter set selection problem as an optimization prob-
lem. This optimization problem selects m parameters out of
a group of nh total parameters such that a criterion involving

Figure 1. Illustration of the orthogonalization method
via Gram–Schmidt algorithm.

Sensitivity vectors used in each iteration are marked in

the same color (red for the first iteration, blue for the

second iteration, and green for the third iteration).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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the sensitivity matrix is maximized. The advantage of opti-
mization-based methods is that they clearly state the crite-
rion used for selecting parameters and that it is often possi-
ble to make predictions about the estimation accuracy of
parameters based on the used criterion. It is common to use
one of the experimental design criteria as part of the objec-
tive function and apply this criterion to the cross product of
the sensitivity matrix.35–37 The most commonly used crite-
rion is the D-criterion resulting in the following optimization
problem for parameter set selection:

I ¼ argmax
J

det STJ SJ
� �

s:t: J ¼ j1; j2; � � � ; jmf g
SJ ¼ S :; Jð Þ

(11)

After normalization of the sensitivity values with to the
covariance of the measurement noise, the cross product ma-
trix STJSJ is equal to the Fisher information matrix. The pa-
rameter set selection problem is equivalent to selecting m
columns from the sensitivity matrix S of all parameters such
that the objective function is maximized. The sensitivity ma-
trix of selected parameters, denoted by SJ, is constructed so
that the determinant of the cross product matrix STJSJ is
maximized. The set of indices of the selected columns is
denoted by J and the submatrix of S(:, J) is defined as

S :; Jð Þ ¼ sj1 ; sj2 ; � � � ; sjm
� 	

(12)

It is easy to verify that a large value of the objective func-
tion can only be realized if the norm of the chosen individ-
ual parameter vectors is of significant value and also only if
the sensitivity vectors are linearly independent.

The main challenge of optimization-based parameter set
selection is the combinatorial nature of the optimization
problem as the total number of possible parameter combina-
tions is nh!/[m! (nh � m)!]. One result of this challenge is
that sequential selection techniques are often used in practice
as they are computationally much less expensive. This is de-
spite the fact that optimization-based approaches can return
the optimal parameter set whereas sequential selection
approaches usually only result in suboptimal parameter sets.

Generalization of a Parameter Set Selection
Procedure based on Orthogonal Projections and
the D-Optimality Criterion

This section presents a procedure which forms an exten-
sion of both the parameter set selection via orthogonalization
technique and parameter set selection via solution of an opti-
mization problem involving the D-criterion. It will be shown
that the orthogonalization method is a sequential approach to
(suboptimally) solve the combinatorial problem given by
Eq. 11. A general decomposition of the optimization prob-
lem involving the D-criterion is presented, which can add
any number of parameters at each iteration.

Relationship between parameter set selection involving
the orthogonalization method and via D-optimality-based
approaches

Parameter set selection is often performed either via a heu-
ristic-based approach such as the orthogonalization method or
by formulating an optimization problem involving an experi-
mental design criterion. While these seem to be entirely sepa-

rate approaches, they can be viewed as two extreme cases of
the technique presented in this work. Furthermore, there are
properties of both types of approaches which should be
preserved in an integrative framework. For example, the D-
criterion provides a formal measure for evaluating the param-
eter set selected by the orthogonalization method and can also
be used to quantify by how much estimation performance
changes with each parameter added to the set. Similarly, the
orthogonalization method can be used to quickly compute a
suboptimal solution of the combinatorial optimization problem
involving the D-criterion to provide a good starting point for
a more sophisticated search algorithm.

In fact the orthogonalization-based method is a sequential
method which solves the D-criterion-based approach. The
key to the similarity between the two procedures is the
update of the determinant when a new parameter is selected.

At the first iteration of the forward selection procedure,
the determinant reduces to det(sTj sj) ¼ sTj sj which is the
squared norm of the sensitivity vector. Accordingly, the sen-
sitivity vector which maximizes the determinant in the for-
ward selection procedure is the one with the largest norm
used by the orthogonalization method, that is, both methods
select the same parameter at the first step.

At an intermediate iteration (2 � k � m) of the forward
selection procedure, the sensitivity matrix of the previously
selected parameters is assumed to be Sk�1 ¼ si1 ; si2 ; � � � ; sik�1

½ �
and a new sensitivity vector, assumed to be sj, is added. Then
the new sensitivity matrix is Sk ¼ [Sk�1 sj] and the D-crite-
rion of the augmented matrix is

det STkSk
� �

¼ det
STk�1Sk�1 STk�1sj

sTj Sk�1 sTj sj

" # !

¼ det STk�1Sk�1

� �
sTj sj � sTj Sk�1 STk�1Sk�1

� ��1
STk�1sj

� � (13)

where the matrix of sTj sj � sTj Sk�1 STk�1Sk�1

� ��1
STk�1sj is the

Schur complement of sTj sj. Please refer to Appendix 2 for more
information about the Schur complement as it is used in this
procedure.

The determinant is decomposed into the product of two
terms by computing the Schur complement. The first term is
the determinant of the previous sensitivity matrix which is
unaffected by adding a new sensitivity vector; however, the
second term is affected by the selection of the new sensitivity
vector. Forward selection determines a parameter to be added
such that this additional parameter will maximize the determi-
nant, that is, the parameter selected by forward selection is
the one with the largest value of the Schur complement:

sTj sj � sTj Sk�1 STk�1Sk�1

� ��1
STk�1sj

¼ sTj I� Sk�1 STk�1Sk�1

� ��1
STk�1

� �
sj

¼ sTj P Sk�1ð Þ?sj
¼ P Sk�1ð Þ?sj


 

2

2

(14)

where the projection matrix P(Sk�1)
? projects the sensitivity

vector sj onto the subspace spanned by the columns of Sk�1,
which is equal to

P Sk�1ð Þ?¼ P si1 ; si2 ; � � � ; sik�1
½ �ð Þ? (15)
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Combining this expression with Eq. 10 results in

P Sk�1ð Þ?sj ¼ s
kð Þ
j and P Sk�1ð Þ?sj



 

2
2
¼ s

kð ÞT
j s

kð Þ
j (16)

It can be seen that the squared norm as shown in Eq. 15 is
the parameter selection criterion shown in Eq. 7, that is, in Step
2 of the orthogonalization method. Therefore, the criterion used
for forward selection and the one used for the orthogonalization
method compute the same parameters to be added at each step.

Generalized orthogonalization method by selecting
multiple parameters at a time

The orthogonalization-based method is a computationally
inexpensive approach for selecting parameters for estimation.
However, parameter selection based on orthogonalization
cannot ensure that the selected parameter set is the optimal
one as only one parameter is selected at a time. On the other
hand, determining the exact solution of the parameter set
selection problem by solving the optimization problem is
computationally prohibitive for medium to large-scale prob-
lems. Therefore, it is desirable to develop a method which
can return better results than those produced by the ortho-
gonalization-based approach, yet whose computational
requirements are less than if the optimization problem is
solved. This section develops a generalized orthogonaliza-
tion-based method which has the described properties.

One of the main drawbacks of parameter selection involving
the orthogonalization method is that only one parameter is
selected at each iteration, that is, the technique may miss that a
combination of two parameters may result in more accurate esti-
mates than can be achieved if two parameters are chosen sequen-
tially. The generalized orthogonalization method presented in
this section addresses this point as it allows to add any number
of parameters at each iteration. In the extreme case where only
one parameter is added at each iteration, the technique reduces
to the existing orthogonalization method. Similarly, in the
extreme case where the entire parameter set is selected in one
iteration, the method reduces to the existing optimization-based
technique. The advantage of the presented technique is that it
inherits many of the properties of the existing approaches, while
it allows to choose the computational requirement based on the
number of parameters selected at each iteration.

The key to the generalized orthogonalization method is the
Schur complement as it is directly involved in decomposition
of the determinant resulting from the optimization problem
but also plays an important role for the orthogonal projection.
The general case is considered next where any number of pa-
rameters can be added to a set of previously selected parame-
ters. Suppose the sensitivity matrix of already selected param-
eters is S1, and the sensitivity matrix of parameters added at
this iteration is S2. Then the augmented sensitivity matrix af-
ter adding the parameters is [S1, S2] and the update of the de-
terminant of the cross product matrix is

det S1;S2½ �T S1;S2½ �
� �

¼ det
ST1S1 ST1S2

ST2S1 ST2S2

" # !

¼ det ST1S1
� �

det ST2S2 � ST2S1 ST1S1
� ��1

ST1S2

� �
¼ det ST1S1

� �
det P S1ð Þ?S2

� �T
P S1ð Þ?S2
� �� �

(17)

where the projection matrix is given by

P S1ð Þ?¼ I� S1 ST1S1
� ��1

ST1 (18)

The change in the determinant resulting from the addition
of more parameters is given by multiplication of the original
determinant value with a new term. This term is the determi-
nant of the cross product of the projected S2 onto the space
which is orthogonal to the one spanned by the columns in
S1. In other words, the selection of the new parameters relies
on the part of their effect which is not covered by previously
selected parameters.

As several parameters can be selected at each iteration, the
Schur complement is no longer a scalar and the derivation
shown in Eq. 14 does not hold anymore. Instead, the cross
product of the projected sensitivity matrix has to be used.

According to the determinant decomposition shown in Eq.
17, the problem of adding several parameters to a set of
existing parameters is transformed into solving a D-optimal-
ity problem based on the projected sensitivity matrix

I ¼ argmax
J

det S1;S2½ �T S1; S2½ �
� �

s:t: S2 ¼ S kð Þ :; Jð Þ

, I ¼ argmax
J

det P S1ð Þ?S2
� �T

P S1ð Þ?S2
� �� �

s:t: S2 ¼ S kð Þ :; Jð Þ

(19)

where J denotes the indices of the added parameters which
determines the matrix of S2, while S1 remains unchanged. A
summary of the described parameter set selection procedure is
given below:

Algorithm: Generalized orthogonalization
method by selecting any number of parameters
at a time

Assume a sequence of numbers of selected parameters at
each iteration is given by M ¼ {m1, m2, m3, ���}
Step 1: (Initiation). Compute the sensitivity matrix S ¼ [s1,
s2, ���, snh]. Set the iteration index k ¼ 1 and the projected
sensitivity matrix as S(k) ¼ S.
Step 2: (Selection). Select the set of parameters, indexed by

I kð Þ ¼ i
kð Þ
1 ; i

kð Þ
2 ; � � � ; i kð Þ

mk

n o
, which has the largest determinant

computed from the projected sensitivity matrix as

I kð Þ ¼ argmax
J

det STJ SJ
� �

s:t: SJ ¼ S kð Þ :; Jð Þ
J ¼ j1; j2; ; jmk

f g
(20)

Step 3: (Stopping test). If det STI kð ÞSI kð Þ
� �

\ k where
SI kð Þ ¼ S kð Þ :; I kð Þ� �

and k is a given threshold level, then stop.
Step 4: (Projection). Compute the orthogonal projection ma-
trix P SI kð Þð Þ? as

P SI kð Þð Þ?¼ I� SI kð Þ STI kð ÞSI kð Þ
� ��1

STI kð Þ (21)

Let S kþ1ð Þ ¼ P SI kð Þð Þ?S kð Þ, and return to Step 2 with k ¼
k þ 1.

The optimization problem shown in Eq. 20 determines the
selected parameters, indexed by I(k), at each iteration. While
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Step 2 uses the same formulation is the original D-optimality
problem, the scale of this problem can be significantly
smaller than the original one, as the problem given by
Eq. 20 only needs to determine one or a few parameters at
each iteration, whereas the original optimization problem
determined the entire parameter set at once.

The selected parameters are the union of the sets of
parameters selected at each iteration as

I 1ð Þ [ � � � [ I kð Þ [ � � �
¼ i

1ð Þ
1 ; i

1ð Þ
2 ; � � � ; i 1ð Þ

m1
; � � � ; i kð Þ

1 ; i
kð Þ
2 ; � � � ; i kð Þ

mk
; � � �

n o
ð22Þ

The number of parameters selected at each iteration can
be chosen based on the computational cost associated with
performing the procedure.

If m1 ¼ m and mk=1 ¼ 0, then all parameters are selected
in one iteration, and the method reduces to the one where
the optimization problem is solved. This selection ensures
that an optimal solution is found, however, this approach is
computational expensive or may even be infeasible for large
problems. If all mk ¼ 1, then the method reduces to the reg-
ular orthogonalization method. In this case, the algorithm is
not computationally demanding; however, the found solution
may be far from the optimal one.

Selecting several parameters at each iteration is one
approach to improve the solution. If only one parameter is
selected at each iteration then only the relationship of this
parameter to the already selected ones is considered. How-
ever, if several parameters are selected at each iteration then
interactions among these parameters are taken into account
as well as the relationship of this parameter set to the al-
ready selected parameters. This comes at the cost of having
to search through all potential parameter combinations that
could be added at each iteration, though. At the same time,
selecting several parameters at each iteration has the poten-
tial to improve the quality of the selected parameter sets.

The optimization problem given by Eq. 20 is solved at each
iteration of the procedure. Apart from selecting several parame-
ters at each iteration, another procedure which can improve the
quality of the solution is to conduct the search at each iteration
from different starting sets. Specifically, the algorithm records
not only the optimal solution at each iteration but also several
potential solutions, that is, nk solutions will be recorded at the
kth iteration. Each parameter set is then the starting set to which
new parameters are added in the next iteration. During the next
iteration, the algorithm will solve the optimization problem
given by Eq. 20 repeatedly, once for each of the already
recorded parameter sets. Selecting multiple parameter sets
extends the search region of the sequential algorithm and
increases the likelihood of determining the optimal solution.

A diagram showing the procedural steps of the generalized
orthogonalization method by selecting multiple parameter sets
with any number of parameters at each iteration is shown in
Figure 2. The first step in this procedure is to compute the
sensitivity matrix of all parameters. At the kth iteration, nk pa-
rameter sets are determined and each parameter set includes
mk parameters. The sequences of N ¼ n1; n2; � � � ; nk; � � �f g and
M ¼ m1;m2; � � � ;mk; � � �f g determine the specific structure of
the search tree. The values chosen for all ni and mj are based
on the computational burden appropriate for a particular prob-
lem. A more detailed discussion of the choice of ni and mj is
provided in the next section.

Another advantage of providing several good solutions
rather than just the optimal solution is that it is challenging
to take all factors into account for parameter set selection
and that sometimes the final decision of which parameters to
estimate needs to be made based on experience with the sys-
tem. That being said, it is much easier to make this decision
based on a handful of good parameter sets that can be cho-
sen rather than determining the entire set of parameters to be
estimated from experience.

Case Studies

In this section, the presented method is applied to two exam-
ples. The first one is an artificial example where 10,000 sensi-
tivity matrices are randomly generated. This example illustrates
the performance of the method for different choices of
N ¼ n1; n2; � � � ; nk; � � �f g and M ¼ m1;m2; � � � ;mk; � � �f g. The
second example deals with a complex biochemical reaction net-
work described by a set of ordinary differential equations.

Randomly generated sensitivity matrix

In this example, the sensitivity matrix is generated ran-
domly. The number of data points sampled from the output
is assumed to be 4 and the number of all parameters is
denoted by nh, that is, the sensitivity matrix S has the dimen-
sion 4-by-nh. Each entry in the sensitivity matrix is randomly
generated according to a standard uniform distribution in the
interval [0, 1].

At most four parameters can be estimated from the 4 data
points, that is, m ¼ 4 for this example. Estimating fewer pa-
rameters has also been investigated as it is common that
more data are available than parameters have to be esti-
mated. However, these results are not shown here as the esti-
mation problem becomes easier, the more data are available.
Instead, the generalized orthogonalization method is applied
with different numbers of parameter sets selected at each
iteration, denoted by the sequence N ¼ n1; n2; � � � ; nk; � � �f g,
and different numbers of selected parameters in each param-
eter set, denoted by the sequence M ¼ m1;m2; � � � ;mk; � � �f g.

First, the sequence N is set to N ¼ {1,1, ���, 1, ���}. To
select four parameters, there are eight possible sequences for
M: {1, 1, 1, 1}, {1, 1, 2}, {1, 2, 1}, {1, 3}, {2, 1, 1}, {2,
2}, {3, 1}, and {4}. Parameter set selection according to
each sequence is applied, and 10,000 sensitivity matrices are
generated randomly to test the performance of each
sequence. The mean D-criterion value returned by each
sequence is plotted in Figure 3a. To investigate the influence
of the total number of parameters, the selection is performed
for three different numbers of parameters: nh ¼ 10, 15, 20.

The regular orthogonalization method, which selects one
parameter at a time, corresponds to the sequence M ¼
{1,1,1,1} while solving the optimization problem, which
selects four parameters simultaneously at a time, corresponds
to the sequence M ¼ {4}. Solution of the optimization prob-
lem returns the best parameter set while other selection
sequences only return a suboptimal solution. To compare the
performance, the returned D-criterion value of each sequence
is normalized by dividing by the optimal value.

The sequence corresponding to M ¼ {1,1,1,1} returns the
smallest D-criterion value which is only 67% of the optimal
value for the case of nh ¼ 20. This shows that the regular
orthogonalization method may return a solution far from the
optimal one and that optimality at each iteration cannot guar-
antee an optimal solution for selecting the entire parameter
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set. When the number of parameters increases, the perform-
ance of the regular orthogonalization method will further dete-
riorate, for example, the value of the D-criterion drops below
50% of the optimal value for the case of nh ¼ 50.

An improvement is to select several parameters at a time
rather than a single one. In fact, any of the cases where more
than one parameter was selected at least once return better
results than the case where M ¼ {1,1,1,1} is shown in Figure
3a. Another observation is that the sequences which select
several parameters at the first iteration perform better than
those which just select a single parameter at this iteration.
This observation is not surprising as selected parameters will
be retained at all subsequent iterations, that is, it is especially
important to determine appropriate choices for the first few
parameters as they will affect the procedure at every iteration.

While selecting several parameters at a time returns larger
values of the D-criterion, this comes at the price of increased
computational effort. To investigate the computational burden,
the number of possible parameter combinations for each
selection sequence is computed and normalized by dividing
by the number of possible combinations if all parameters of
the set were chosen at once. Figure 3b shows a comparison of
the computational effort associated with the different choices
of M. It can be clearly seen that the computational effort
grows with the number of parameters chosen at each iteration.
Furthermore, if three parameters are chosen in one iteration,
then this is computationally more demanding for this example
than if two parameters are chosen at two separate iterations.

If the entire parameter set is chosen in one iteration, then the
number of parameter combinations increases dramatically
with the number of all parameters nh. There are 210 possible
combinations for the case of nh ¼ 10; however, this number
increases to 4845 for the case of nh ¼ 20. The required com-
putational effort should be kept in mind when the sequence
M ¼ m1;m2; � � � ;mk; � � �f g is selected.

For this example, a good balance between the quality of
the chosen parameter set and the computational effort is
given by the sequences M ¼ {2,1,1} (or M ¼ {2,2}). In the
case of nh ¼ 20, the criterion computed for M ¼ {2,1,1} has
81% of the optimal value which is much larger than 67%
computed for adding one parameter per iteration while the
computational burden associated with M ¼ {2,1,1} is only
4.64% of determining the entire parameter set in one itera-
tion. It should be noted that larger computational costs do
not automatically imply better performance of the deter-
mined parameter sets. For example, the sequence M ¼ {1,3}
requires more computations to be determined than the
sequence corresponding to M ¼ {2,1,1} according to Figure
3b; however, the performance of the latter is better accord-
ing to Figure 3a. This serves as another indicator that it is
desirable to select several parameters at the first iteration.

Another approach to improve performance is to select sev-
eral parameter sets at each iteration and then perform the
next iteration independently for each of these parameter sets,
that is, the influence of the sequence N will be investigated
next. To limit the number of possible outcomes and allow

Figure 2. Flow diagram of the generalized orthogonalization method which selects several parameters at each
step.

Solid circles denote the indices of selected parameters at each iteration and the solid squares denote the projected sensitivity matrices

according to the selection. The dashed rectangles denote that an optimization problem needs to be solved and the dashed rectangles

with rounded sides denote procedures where orthogonal projections are performed. The search tree is branched at the selection nodes

(dashed rectangles) where nk best parameter sets are selected by the exhaustive search and each set contains mk parameters.
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for a comparison to be made, only the sequence M ¼
{2,1,1} with nh ¼ 15 is investigated here. In this situation,
the sequence N is specified as N ¼ {n1, n2, n3}. It has been
found that only the number of selected parameter sets at the
first iteration, n1, has a major influence and that setting n2 ¼
n3 ¼ 1 will only have a negligible impact on the discussion.

All possible solutions of the combinatorial problem at
the first iteration are evaluated and ordered by their criterion
values. The top n1 parameter sets are recorded, and the
selection performed at the next iteration is independently
performed for each parameter set identified as one of the top
n1 sets from the first iteration. In a final step, a collection of
n1 parameter sets is returned, and the best parameter set in
the collection is identified.

The criterion values returned by this procedure are shown
in Figure 4a, and the corresponding computational efforts
can be found in Figure 4b. Similar to Figure 3, both D-crite-
rion values and the computational efforts are normalized by
the values for computing the entire parameter set in one iter-
ation. It can be seen that when two parameter sets are
selected in the first iteration that the criterion value increases
significantly from 82.4%, for the case of only further investi-
gating the best parameter set identified in the first iteration,
to 90.9%. The computational effort after the first iteration is
doubled since twice the number of cases has to be evaluated

for the remaining iterations. It can easily be shown that the
computational effort for the remaining steps scales linearly
with the number of parameter sets retained in the first itera-
tion; however, the improvements made in the criterion value
become less as more sets are investigated. A good compro-
mise for this example is to choose n1 ¼ 3 which returns an
adequately good solution (94.4%) with a reasonable compu-
tational effort (28.6%).

This example demonstrates the performance of the gener-
alized orthogonalization method for different settings of
M ¼ m1;m2; � � � ;mk; � � �f g and N ¼ n1; n2; � � � ; nk; � � �f g.
Selecting several parameters in each iteration and retaining
several of the best solutions, instead of just the best one, are
two approaches to balance the computational effort and the
quality of the solution. Because of the mechanisms involved
in sequential selection, the settings at the first iteration have
a more significant impact on the outcome than changes
made at later iterations. It should be noted that these obser-
vations were made for this specific example and that differ-
ent conclusions could be drawn for different applications.

Complex biochemical reaction network

This example deals with a model of a signal transduction
pathway. Parameter estimation is a key component for mod-
eling these types of systems38; however, a biochemical reac-
tion network usually contains a large number of strongly cor-
related parameters and experimental data are often scarce
and noisy as concentration measurements inside living cells
are nontrivial to obtain. It has been previously reported that it
is difficult to fit the majority of parameters accurately from
experimental data,39 indicating a need for parameter set
selection before parameter estimation is performed.

Figure 3. Results returned by the generalized ortho-
gonalization method with different selection
sequences.

(a) Normalized mean D-criterion value over 10,000 ran-

domly selected sensitivity matrices. (b) Computational

effort denoted by the normalized number of possible pa-

rameter combinations. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.com.]

Figure 4. Results for selecting different parameter sets
at the first step.

(a) normalized D-criterion and (b) computational effort

denoted by the normalized number of possible parame-

ter combinations.
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To illustrate the technique presented in this work, a model
of a signal transduction network for hepatocytes stimulated
by Interleukin-6 (IL-6) is used. This model, shown in Figure
5, describes signal transduction from the input, that is, the
concentration of IL-6 outside of the cell, to the output, the
concentration of the activated transcriptions factor STAT3 in
the nucleus. The model is described by 66 nonlinear ordinary
differential equations and includes 115 parameters. The con-
centrations of the proteins are the state variables and the
parameters mainly describe the reaction rate constants. A
detailed description of the model and the nominal values of
the parameters and initial values of the states can be found
in the literature.40,41

The model is simulated from 0 to 3 h to capture the main
dynamic properties of the system. The local sensitivity is
computed by the direct differentiation method. The sensitiv-
ity profiles are normalized by dividing by the nominal values
of the parameters, as the parameters have different units and
their nominal values vary by orders of magnitude. The cal-
culated sensitivity profiles are sampled every 5 min, which
is also the sampling time of the output.

The measurement noise is assumed to be Gaussian with
zero mean and variance equal to 4 (r2 ¼ 4). As the measure-
ments are all sampled from the same output variable and the

measurement noise is assumed to be uncorrelated, the normal-
ization of the sensitivity by dividing by the standard derivation
has no effect on the subsequent parameter selection problem.

The sensitivity matrix is made up of the sensitivity vectors.
The sensitivity matrix is ill-conditioned and a majority of the
singular values of the sensitivity matrix are close to zero, that
is, most parameters are not estimable. The number of selected
parameters is determined from the numerical rank of the sen-
sitivity matrix. Five parameters will be estimated, m ¼ 5, as
the sum of the first five singular values is more than 99% of
the sum of all singular values of the sensitivity matrix.

As the previous example has shown that it may be benefi-
cial to add several parameters in the first step and to also
retain several of the best parameter subsets, the sets M and
N are chosen as follows: M ¼ {3,2} and N ¼ {10, 5}. The
first iteration will determine three parameters, that is, m1 ¼
3. All combinations of three parameters are evaluated and
the 10 best subsets, that is, n1 ¼ 10, are recorded. Then the
second iteration will add the remaining two parameters, that
is, m2 ¼ 2, to each of the 10 subsets selected in the first iter-
ation. At this iteration, the five best subsets, that is, n2 ¼ 5,
with two parameters are recorded. A total of 10 � 5 ¼ 50
parameter sets are returned at the end of the procedure. The
determination of the sets M and N follows the rules that a

Figure 5. Structure of IL-6 signal transduction pathway.

Each reaction is numbered and the kinetic parameters are named according to the number of the involved reaction. The selected

parameters in the best set {kf32, kf8, kf21, kf16, kf19} are marked by a cyan rectangle. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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large number at the initial step will be more important than
a large number at the subsequent steps. Other choices of M
and N are also possible; however, the results returned are
very similar. For comparison purposes, the regular orthogon-
alization method is also applied, which is equivalent to
choosing M ¼ {1,1,1,1,1} and N ¼ {1,1,1,1,1}.

The parameter set returned by the regular orthogonaliza-
tion method is {kf7, kf6, kf21, kf19, Vm24}, and this set is also
included in the collection returned by the presented method.
However, the presented method determines 13 parameter
sets which have a criterion value larger than that of the regu-
lar orthogonalization method. Theses 14 parameter sets are
listed in Table 1. The best determined parameter set is {kf32,
kf8, kf21, kf16, kf19}, which has only two common parameters
with the set {kf7, kf6, kf21, kf19, Vm24} computed by the regu-
lar orthogonalization method. From the criterion values of
the different parameter sets, it can be concluded that the set
computed by the regular orthogonalization method has a cri-
terion value that is only 48.7% of the value for the best
determined set. This serves as another indicator that the reg-
ular orthogonalization technique may return a parameter set
which is significantly worse than the optimal set.

The sensitivity profiles of the parameters selected by the
orthogonalization method are shown in Figure 6a, and the
sensitivity profiles of the parameters in the best set selected
by the presented method are plotted in Figure 6b. The pa-
rameter kf7 has the sensitivity vector with the largest norm
and it is the first one selected by the regular orthogonaliza-
tion method. However, selection of kf7 excludes the parame-
ter combination of kf32 and kf8 even though these two param-
eters are key for constructing better parameter sets. For
example, the best six parameter sets listed in Table 1 all
include kf32 and kf8 while none of them includes kf7.

To evaluate the performance of the selected parameter sets,
parameter estimation is conducted. Artificial data are gener-
ated by adding noise, with zero mean and variance of r2 ¼ 4,
to the output value. 200 data sets have been generated and for
each data set the parameter sets {kf7, kf6, kf21, kf19, Vm24} and
{kf32, kf8, kf21, kf16, kf19} were estimated. The estimation error
is defined as the square root of the mean square error of the
parameter estimate. The estimation error for estimating {kf7,
kf6, kf21, kf19, Vm24} is 29.0% and the error for estimating
{kf32, kf8, kf21, kf16, kf19} is only 22.1%. Here, the estimation
error is expressed as the percentage since it is normalized by
dividing by the nominal values of the parameters. The abso-
lute difference between the estimation errors of the two pa-
rameter sets is 6.9%, and the relatively difference is 23.8%,

which indicates a considerable improvement in the estimation
accuracy if the set {kf32, kf8, kf21, kf16, kf19} is estimated
instead of the set {kf7, kf6, kf21, kf19, Vm24}. Apart from the
averaged error over the 200 data sets, the distribution of the
estimation error is shown in Figure 7. The histogram illus-
trates that estimating {kf7, kf6, kf21, kf19, Vm24} returns a larger
estimation error than estimating {kf32, kf8, kf21, kf16, kf19}.

Conclusions

Parameter set selection is an important technique for deter-
mining which parameters should be estimated from data. This
article presented a new method for parameter set selection,
which includes the regular orthogonalization method and opti-
mization of the D-criterion applied to the sensitivity matrix as
special cases. The difference between the regular orthogonali-
zation procedure and the presented technique is that it is pos-
sible to select several parameters at each iteration and not just
a single parameter. The choice of which set of parameters
should be added at each iteration is made based on the D-cri-
terion. As such, if only one parameter is added at each itera-
tion, then the technique reduces to the existing orthogonaliza-
tion procedure. Similarly, if the entire parameter set is to be
determined in one iteration, then the method reduces to the
solution of the D-criterion-based optimization problem for pa-
rameter selection. This more generalized procedure provides
some flexibility such that a good trade-off between estimation
accuracy and computational effort can be found. Furthermore,
the procedure allows to retain several of the best solutions at
each iteration and not just the optimal one. The reason for
this is that it is often not possible to determine one best set of
parameters to be estimated and other criteria, such as experi-
ence with a particular system, need to be taken into account
as well. However, this is only possible if several good

Table 1. Selected Parameter Sets for the IL-6 Model

No. Step 1 Step 2 Criterion (%)

1 kf32 kf8 kf21 kf16 kf19 100
2 kf32 kf8 kf21 kf16 kf18 91.9
3 kf32 kf8 kf21 kf16 kb18 87.8
4 kf32 kf8 kf21 kf6 kf19 70.6
5 kf32 kf8 kf21 kf6 kf18 64.6
6 kf32 kf8 kf21 kf6 kb18 61.8
7 kf7 kf8 kf21 kf16 kf19 55.7
8 kf32 kf16 kf20 kf8 kf19 54.1
9 kf7 kf8 kf21 kf16 kf18 52.0
10 kf32 kf16 kb20 kf8 kf19 51.9
11 kf32 kf6 kf21 kf19 Vm24 51.5
12 kf7 kf8 kf21 kf16 kb18 49.6
13 kf32 kf16 kf20 kf8 kf18 49.2
14 kf7 kf6 kf21 kf19 Vm24 48.7

Figure 6. Sensitivity profiles of parameters selected by
(a) the regular orthogonalization method and
(b) the presented method.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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solutions are provided and ranked according to a criterion and
not just one solution.

The method has been applied in two case studies. While
the optimal solution cannot be guaranteed unless the extreme
case of selecting all parameters in one iteration is consid-
ered, it was found that there is a significant advantage of the
parameter sets determined by this method over the one com-
puted from the regular orthogonalization procedure.

Notation

I ¼ {i1, i2,…,im} ¼ indices for selected parameters
I(k) ¼ {i

ðkÞ
1 ,i

ðkÞ
2 ,���,iðkÞmk} ¼ indices for selected parameters at the

k-th iteration
J ¼ {j1, j2, ���, jm} ¼ indices for parameter combinations
m ¼ number of selected parameters
M ¼ {m1, m2,���,mk,���} ¼ sequence of the numbers of

parameters selected at each iteration in the sequential
selection procedure

nt ¼ number of sampling points
nu ¼ number of input variables
nx ¼ number of state variables
ny ¼ number of output variables
nh ¼ number of all parameters in the model
N ¼ {n1,n2,���, nk,���} ¼ sequence of the numbers of sets of

selected parameters at each iteration in the sequential
selection procedure

P([s1,s2,���sk]) ¼ projection matrix which projects a vector onto the
space orthogonal to the one spanned by the vectors of
s1,s2,���sk

P(S)? ¼ projection matrix which projects a vector onto the space
orthogonal to the one spanned by the columns in S

R ¼ Cholesky factor of R
si ¼ sensitivity vector of the parameter hh

s
ðkÞ
i ¼ projected vector of si at the k-th iteration

si(t) ¼ time dependent sensitivity value of the parameter hh
S ¼ sensitivity matrix of all parameters
Sk ¼ sensitivity matrix when k parameters are selected
SJ ¼ sensitivity matrix of the parameters indexed by J
ti ¼ i-th sampling point
u ¼ input vector
x ¼ state vector
x0 ¼ initial value of the state variables
y ¼ input vector
yi ¼ i-th output variable
h ¼ parameter vector
hi ¼ i-th parameter

hi ¼ nominal value of the parameter hi
ri ¼ standard deviation of the measurements from yi
R ¼ variance-covariance matrix of all measurements

k�k22 ¼ squared Euclidean norm
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Appendix 1. Orthogonal Projection

Given a matrix S ¼ [s1,s2,���,sn] of full column rank, let
P(S) denote the orthogonal projection matrix which projects
a vector onto the linear space spanned by the columns in S.
The projection matrix is given by42

P Sð Þ ¼ S STS
� ��1

ST (A1)

This projection matrix is symmetric and idempotent, that is,

P Sð ÞT¼ P Sð Þ and P Sð Þ2¼ P Sð Þ (A2)

Let P(S)? denote the projection matrix which projects a
vector onto the linear space perpendicular to the columns in
S. This matrix can be computed as follows:

P Sð Þ?¼ I� P Sð Þ (A3)

Appendix 2. Schur Complement

Assume a given a square matrix of A can be partitioned as

A ¼ A11 A12

A21 A22

� �
(B1)

If the submatrix of A11 is nonsingular, then the Schur
complement of A22 in A is given by42

A22 � A21A
�1
11 A12 (B2)

An important application of the Schur complement is com-
putation of the determinant, which can make use of the fol-
lowing expression:

det Að Þ ¼ det A11ð Þ det A22 � A21A
�1
11 A12

� �
(B3)
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